\\e S a ra I JEE(Advanced) 2022/Paper-2

FINAL JEE(Advanced) EXAMINATION - 2022

(Held On Sunday 28* AUGUST, 2022)
PAPER-2

MATHEMATICS
SECTION-1 : (Maximum Marks : 24)
®  This section contains EIGHT (08) questions.
® The answer to each question is a SINGLE DIGIT INTEGER ranging from 0 TO 9, BOTH
INCLUSIVE.
®  For each question, enter the correct integer corresponding to the answer using the mouse and the
on-screen virtual numeric keypad in the place designated to enter the answer.
®  Answer to each question will be evaluated according to the following marking scheme:
Full Marks :+3 If ONLY the correct integer is entered;
Zero Marks : 0 If the question is unanswered;
Negative Marks : —1 In all other cases.

1. Let aand f be real numbers such that —%< p<0<a <%. If sin(a + ) =% and cos(a — f3) =§,

then the greatest integer less than or equal to

. . 2

sina cosfS cosa sin

+— p +——t p
cosf sina sinfi cosa

is

Ans. 1

SOl. GE(O,EJ,BE(—E,()):)Q+B€[_E’£j
4 4 4’4

sin(a+p) =§,cos((x—[3)=§

. . 2
sino.  cosa  cosP sinf
+ + +

cosp sinf} sina cosa

[cos(a—[ﬁ)JrCOS(B_“)jz

cosPsinf} sinocosa

:4cosz(a_5)[ - j

sin2f  sin2a

=4cosz(a—B){zsin(aJrB)cos(a_B)j (1)

sin 2a.sin 23
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_ 16cos* (a—p)sin® (a+p)x4
(cos2(0c—[3)—cos2(0c+B))2

_ 64 cos* (a—p)sin’ (a+p)
(ZCos2 (a—PB)—1-1+2sin? ((x+[3))2

:64X18_61Xé 1 >
(2x4—1—1+2j
9 9
_64x16 81 16
81x9 64 9
[E}=l Ans.
9

2. If y(x) is the solution of the differential equation
xdy — (y> —4y)dx = 0 for x > 0, y(1) = 2,

and the slope of the curve y = y(x) is never zero, then the value of IOy(\/E ) is

Ans. 8
Sol. xdy—(y2 —4y)dx =0,x>0

j dy dx

y2—4y_ X

I[;_ljdy:ﬂd%

y—4 'y

log,_ |y — 4| —log, |y| =4log, x+log, c

ly—4

=ext 12 501
vl

|y =4 =|y|x*
C-1 and C-2

y—4=yx y—4=-yx
4 4
y_l—x4 Y 1+x*
y(1) = ND (rejected) y(1)=2

y(ﬁ)=§:>10y(ﬁ)=8
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The greatest integer less than or equal to

2 log, 9 1
[1og,(x* +Ddx + | (2* —1)5 dx
1 1

is

Ans. 5

Sol. f(x) =log, (x3 +1) =y
X +1=2 = x=(2"-1)" =£"(y)
£ (x)=(2-1)"

log, 9

log, (x3 +l)dx + J. (2X —1)1/3 dx

1

Il
—_——— o

log, 9
f(x)dx+ [ £7(x)dx=2log,9-1

1

Il
—_——— o

:8<9<27/2:>3<10g29<%

=5<2log,9-1<6
[2log,9-1]=5
4.  The product of all positive real values of x satisfying the equation
X(16(log5x)3—6810g5 X _ 5716
is
Ans. 1
SOl. X16(10g5 x)3—6810g5 X — 5716
Take log to the base 5 on both sides and put log, x =t

16t* — 68 + 16 =0
1

2

=4t' —17t* +4=0

-+ =+ =+ =+
w

ti+thh+tz3+t,=0
log; x, +log x, +log, x; +log;x, =0

X, X,X;X, =1
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5. If

1

e* —(1—x3)5 +£(1—x2); —leinx

p = lim

x—>0 xsin’ x
then the value of 64 is
Ans. 5
13 2\/2 .
. ex3_(1_x3) ((l—x ) —l)smx
Sol. B =Ilim — + —
x>0 XSIn°X , s;m"x ,
X X——5—X
X X

use expansion

. 4x° —x’
b= !}E} 3x° +£123 2x*
4 1 5
P=372"%
6B=>5
6. Let Sbe areal number. Consider the matrix
g 0 1
A=|2 1 =2
31 =2
If A7 — (8- 1)A® — BA’ is a singular matrix, then the value of 9 is
Ans. 3
B 0 1
Sol. A=2 1 2| |Al=-1
31 =2

= |A7— (B - DA’ - BA’| =0

= |AF|A’ = (B- DA -BI|=0
= |A] |(A*-BA)+ A —BI|=0
= |A] JA(A = BI) + I(A —BI)| =0

|A]” [(A +1) (A - BD)| =0
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B+1 0 1
A+l=| 2 2 2|=|A+1l=—4,Here|A|#0 & |A+1|%0
31 -1
0 0 1
A-BI={2 1-B -2
31 -2-B
1
|A—[31|=2—3(1—[5):3[3—1:o:>5:5
9B =3
7.  Consider the hyperbola
X2 y2
100 64

with foci at S and S, where S lies on the positive x-axis. Let P be a point on the hyperbola, in the

first quadrant. Let ZSPS; = a, with a < g . The straight line passing through the point S and having

the same slope as that of the tangent at P to the hyperbola, intersects the straight line S;P at P;. Let

d be the distance of P from the straight line SP;, and B = S;P. Then the greatest integer less than or
Bo

.o,
equal to —sin— 1is .
9 2

Ans. 7

Sol.

S1 4441
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SiP-SP=20

p-—2 =20

.o
sin —
2

& 40288

., .o
sin” — sin —
2 2

B+

SP + B> — 656

2p- 9

.o
sin —
2

cosa =

ﬁ_256

. A
Sin —
:gﬁ—S:COSOL

.o
sin —
2

A—128

=cosa
A1 —cosa) = 128

B 5% 108
.o 2
Sin —
2

@sing—ﬁﬂ[m5 i
9 2 9

o . .
Fsm 5} =7 where [.] denotes greatest integer function

8.  Consider the functions f, g : R — R defined by

f(x)=x>+ el and g(x) = 3 4
12 3
0, |x|>=.
4
If ais the area of the region
{(X,y)e RxR:[x| s%, 0<y Smin{f(x),g(x)}},

then the value of 9« is
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Ans. 6

x=—1/2

A

—3/4

v
12x* +32x - 19=0

12x* + 38x —6x - 19=0
2x(6x + 19) — 1(6x + 19) = 0

6x+19) (2x-1)=0

1
X =—
2
OL—2A1+A2
12
o=2 jx2+—dx+—xlxg
7 1 4 3

I X 5x " 1
=Soa=2 (—+—j +—
\3 12), 12

1 5 1}
>a=2| —+—+—
124 24 12

[1+5+2
24

=>a=2

}:>0L:2><i:>9ocz9><i
24 12

=90 =6
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SECTION-2 : (Maximum Marks : 24)

®  This section contains SIX (06) questions.

®  Each question has FOUR options (A), (B), (C) and (D). ONE OR MORE THAN ONE of these
four option(s) is (are) correct answer(s).

®  For each question, choose the option(s) corresponding to (all) the correct answer(s).

®  Answer to each question will be evaluated according to the following marking scheme:

Full Marks :+4 ONLY if (all) the correct option(s) is(are) chosen;

Partial Marks : +3 If all the four options are correct but ONLY three options are chosen;

Partial Marks : +2 If three or more options are correct but ONLY two options are chosen,
both of which are correct;

Partial Marks :+1 If two or more options are correct but ONLY one option is chosen and it
1s a correct option;

Zero Marks : 0 If unanswered;

Negative Marks : =2 In all other cases.

9. Let PQRS be a quadrilateral in a plane, where QR = 1, ZPQR = ZQRS = 70°, ZPQS = 15° and
ZPRS = 40°. If ZRPS = 0°, PQ =  and PS = p, then the interval(s) that contain(s) the value of

4af sinB° is/are

(A) (0.42) (B)(1,2)
©) (V2.3 (D) (2v2,312)
Ans. (A,B)

Sol. /PRQ = 70° - 40° = 30°
ZRQS = 70° - 15° = 55°
ZQSR = 180° - 55° - 70° = 55
. QR=RS=1

ZQPR =180° -70° - 30° = 80°

R
1

S 40° 30°

70°
1
B
70°

9 80° 15°

P o Q
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Apply sine-rule in APRQ :

a 1 1
- =— =0 =— ...(1)
sin30°  sin 80° 2sin 80°
Apply sine-rule in APRS
p = 1 = PBsinB = sin40° ....(2)

sin40° sin®

4sin 40° A 4 sin 40°
2sin80° 2(2sin40°cos40°)

4oPBsinO =

= sec40°

Now sec30° < sec40° < sec45°

:>i<sec400<\/§

V3

10. Let
o= Z:sin2k (EJ
k=1 6
Let g : [0, 1] — R be the function defined by

g(x) — 20LX + 20((17X)

Then, which of the following statements is/are TRUE?

7
(A) The minimum value of g(x) is 2°¢

1
(B) The maximum value of g(x) is 1 + 23

(C) The function g(x) attains its maximum at more than one point
(D) The function g(x) attains its minimum at more than one point

Ans. (A,B,C)
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11.

10

where g(0) =1 +2" & g(1) =1 +2'"

. 1 . 21/3
g (x)=§(2 /3—2)(/3):0

1 . .
=2 =2 = x= 5= critical point

e
.. graph of g'(x) = ./
2

1 7
& gl = |=26
g(zj

.. graph of g(x) in [0, 1]

(0’1+21/3) (1’1+21/3)

&3
L

0 1 1
2
Let 7 denote the complex conjugate of a complex number z. If z is a non-zero complex number for

which both real and imaginary parts of

v 1
(z) +Z—2

are integers, then which of the following is/are possible value(s) of |z| ?

@A) [43+32\/%J4 ®) [7+x/§J4
4
©) [9+FJ4 (D) [”fT
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Ans. (A)

Sol. Let (Z)2+i2:m+in ,m,neZ
z

v 7z’ )
(z) +—=m+in

z
2 2 [ 1 j
> X -y)|l+—|=m ..(1)
2|
)
& —2xy| 1+—|=n ...(2)
|zl

Equation (1)* + (2)

2
[14—#} [(X2+y2)2]=m2+n2
1Y 4
(1+Wj (|Z|) =m?’ +n’
z

= |Z|4+L4+2=m2+n2

z
Now for option (A)
|z|4 _ 43+34/205

2

—m’+n’=45

= m=16, n=43

Option (B)
i1 7433 7-/33 7 11
2]+ —+2= + 42=L40="
|z| 4 4 2 2
Option (C)
s 1 9++/65 9-/65 _ 18 _ 9 _ 13
2l +—+2= + +2=—"40=24p=""
2| 4 4 4 2 2
Option (D)
|Z|4+L4+2:7+\/E+7_\/B+2:£+2:Z+2:£
2] 6 6 6 3 2

11
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Let G be a circle of radius R > 0. Let Gy, Gy,...,Gy be n circles of equal radius r > 0. Suppose each

of the n circles G;,Go,...,G, touches the circle G externally. Also, fori =1, 2,..., n—1, the circle G;
touches Gi;; externally, and G, touches G; externally. Then, which of the following statements

is/are TRUE ?

(A)Ifn=4, then (2 - r<R
(B)If n=5,thenr <R
(C)Ifn=38,then(v2 - 1)r<R
(D)Ifn=12,then V2 (/3 + Dr>R

Ans. (C,D)
Sol. 2(R Jrr)sinE =2r
n
R+r

(A)n=4R+r=+2r
(B)n=35, E=cosec£<cosec£
r 5 6

R+r<2r=r>R
R+
(C)n=8, —rzcosecﬁ>cosecE
r 8 4
R+r> ﬁr

(D)n=12, E=cosec%=\/§(x/§+1)
r

R+r= ﬁ(ﬁﬂ)r
\/5(\/5+1)I‘>R

12
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13. Let i,j and k be the unit vectors along the three positive coordinate axes. Let

a=3i+j-k,
b=1i+b,j+bk, by, by € R,
¢=c,i+c,j+csk, ci, 2, c3 € R

be three vectors such that bybs; >0, a-b = 0 and

0 -5 ¢ |1 3-¢
c; 0 — ||by|=] I-c,
-, ¢ 0 Jibs ~1-c¢,

Then, which of the following is/are TRUE ?

(A) a-¢=0 (B) b-¢=0
(©) [b[>~10 (D) [¢|< i1

Ans. (B,C,D)
Sol. a=3i+j-k
b=i+b,j+b.k

c=cji+c,j+ck

multiply & compare

b2C3 — b3C2 =Ci — 3 (1)
C3—b3C1=1—Cz (2)
C2—b2C1=1+C3 (3)

(Di-(2)j+@3)k
{(b2C3 - b3C2) - 3(C3 - b3C1) + 12 (Cz - b2C1)

= ¢ci+c,j+c,k -3i—j+k

bxc=c-a

13
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Take dot product with b

b-ab

ol (e]
ol Il

Il ol
(@) ol

(oat}

lc

b"c =90°

Take dot product with ¢

—ac
ac=lc/
ac=0
bx¢=¢-a
Squaring

16 el =[c]* +1aF —2¢a
oI [cP =Iel’ +11-2[c]
ol [ef =11l
i (5 +1) =11
|_.|2 _ 11
|B|2 +1
el <11
given a.b =0
b, —b;=-3 also
b’ + b2 —2bb3;=9  byby >0
by2 + b3’ = 9 + 2b,bs

by + b3’ =9 + 2brb; > 9

b22 + b32 >9

bl = 1+ b2 + b
bl > /10

14
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14.

Ans.

Sol.
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For x € R, let the function y(x) be the solution of the differential equation

dy
412 — 0
¥ty =eor{ Zx) y0) =
Then, which of the following statements is/are TRUE?
(A) y(x) is an increasing function

(B) y(x) is a decreasing function

(C) There exists a real number S such that the line y = f intersects the curve y = y(x) at infinitely

many points
(D) y(x) is a periodic function

©
dy +12y = cos(£ xj
dx 12
Linear D.E.
LF. = ejlz'dx S
Solution of DE
e = elz".cos(£ xjdx
y I 12
12x
y.e'™ =e—(12cos£x+£sin£xj +C
12 12 12

T
(5]

=>y= %((12)2 cos (R—XJ + msin (R—XD +%
12)" +n 12 12 e
Given y(0) =0

12 ) -12°
=>0=z=——(12°+0)+C= C=
124+n2( ) 12* + 7

12 ) [nxj . (nxj 5 _12x
wy=———(12)" cos| — |+ msin| — [—12°¢
Y 124+n2[( yeos\ 1y sy

2
Now d_y: 412 - —12nsin(n—xj+n—cos(n—xj+l23612"
dx 12" +m= 12 12 12

min. value

{—4/144n +— —12n,/1+—4j
12

= d_ >0 V x <0 & may be negative/positive for x >0
X

So, f(x) is neither increasing nor decreasing

For some B € R, y = 3 intersects y = f(x) at infinitely many points

So option C is correct
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SECTION-3 : (Maximum Marks : 12)

This section contains FOUR (04) questions.

Each question has FOUR options (A), (B), (C) and (D). ONLY ONE of these four options is the
correct answer.

For each question, choose the option corresponding to the correct answer.

Answer to each question will be evaluated according to the following marking scheme:

Full Marks :+3 If ONLY the correct option is chosen;
Zero Marks : 0 If none of the options is chosen (i.e. the question is unanswered);
Negative Marks : —1 In all other cases.

Ans.

Sol.

16.

Ans.

16

Consider 4 boxes, where each box contains 3 red balls and 2 blue balls. Assume that all 20 balls are
distinct. In how many different ways can 10 balls be chosen from these 4 boxes so that from each

box at least one red ball and one blue ball are chosen?

(A) 21816 (B) 85536
(C) 12096 (D) 156816
(A)
3R 3R 3R 3R
2B 2B 2B 2B
B-1 B-2 B-3 B-4

Case-1 : when exactly one box provides four balls (3R 1B or 2R 2B)

Number of ways in this case °C, CCIx*Cy)’ x 4

Case-II : when exactly two boxes provide three balls (2R 1B or IR 2B) each

Number of ways in this case (5C3 - 1)2 (3C1 X 2C1)2 x 6

Required number of ways = 21816

Language ambiguity : If we consider at least one red ball and exactly one blue ball, then required

number of ways is 9504. None of the option is correct.

5 3
|2 2 . . e 2022
IftM= e then which of the following matrices is equal to M~ ?
2 2
3034 3033 3034 -3033
(A) (B)
-3033 3032 3033 -3032
3033 3032 3032 3031
© (D)
-3032 -3031 -3031 -3030

(A)
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(5 3

Sol. M= 2 2
=3 -t
L 2 2
34_1 g
M=, 32
— =41
2 2

e [t 1 oo
-1 —1ll-1 =1] o o
ol 3 2022

M S I+5A

=1+ 3033A

10 11
= +3033

0 1 -1 -1
[ 3034 3033}

| -3033 -3032
17. Suppose that

Box-I contains 8 red, 3 blue and 5 green balls,

Box-II contains 24 red, 9 blue and 15 green balls,

Box-III contains 1 blue, 12 green and 3 yellow balls,

Box-IV contains 10 green, 16 orange and 6 white balls.
A ball is chosen randomly from Box-I ; call this ball b. If b is red then a ball is chosen randomly
from Box-II, if b is blue then a ball is chosen randomly from Box-III, and if b is green then a ball is
chosen randomly from Box-IV. The conditional probability of the event 'one of the chosen balls is
white' given that the event 'at least one of the chosen balls is green' has happened, is equal to

15 3 5 1
(A) 2 B) 76 © 5 D) 2

17
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Ans. (C)
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Sol. BoxI 8R) 3(B) 5(G)
Box II 24(R) 9(B) 15(G)
Box I 1(B) 12(G) 3(y)

18.

Box IV 10(G) 16(o) 6(w)
A (one of the chosen balls is white)

B (at least one of the chosen ball is green)

P(éj:P(AmB)

B P(B)
AN B - (WG)
5 6
7X7
1632

5 8§ 15 3 12
—xl+—x—+

167 716 48 1616

15 s

156 52

For positive integer n, define

fin)=n+

16+5n-3n> 32+n-3n> 48-3n-3n2
+ + +

25n—7n?

4n +3n? 8n+3n’

Then, the value of lim f(n) is equal to

(A)3+%loge7
3 (7
B) 4-1og [~
(B) 1 oge(J
4 (7
C) 4-210g [~
©) 3 oge(J

(D) 3 +%loge 7

Ans. (B)

18

12n +3n° 7n?
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161 +(9—4r)n—3n’
18. f(n)=n+
() Z:‘ 4rn +3n’

" (16r +9n) —(4rn +3n?)
f(n)=n +Z_:‘ 4rn+3n’

f(n)=n+[i 16r +9n J_n

“~ Arn+3n’

imi=ln 35S

R GH0E
A

1 1 1
=I16X+9dX=I4dX—I 3dx
o 4x+3 0 o 4x+3

n—oo

=4—%(enl4x+3l)g

19
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