Class XII Chapter 5 - Continuity and Differentiability

Maths

Miscellaneous Solutions

Question 1:
(3x* ~9x+5)
Answer

- 9
Lety = (3x" —9x+5)

Using chain rule, we obtain

dv_d
de

=9(3x* ~9x+5)’ -%[3.# ~9x+5)

(3x* -9x+5)

[
=9(3x* ~9x+5) -(6x-9)
=9(3x" ~9x+5) -3(2x-3)

- 2?{31‘2 ~9x +5)R[2x—3}

Question 2:
sin’ x+cos” x

Answer
Let y =sin' x+cos” x

% = E[sin3 x)+%(ccs“x]

= 3sin’ x-%(sinxhﬁcass x- i{u::::-sac]‘p
=3sin” x-cosx+6c0s” x-(—sinx)

=3sin xmsx{sinx— 2cos’ x}

Question 3:
{Sx}ﬁulmlt

Answer
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Let y = (5x)"*
Taking logarithm on both the sides, we obtain
log v=3cos2xlog5x

Differentiating both sides with respect to x, we obtain

lﬁ:_}\‘lng_‘iri[c'ﬂﬂ 2x)+cos ZAI'i{lﬂgix}
¥ ax dx dx -
dy I d L d
= — =3y| log 5x(—sin 2x)-—(2x)+cos 2x- — - —(5x
it g 5x( } .—z’x{ ) Jx fi\f[ )}
— d_1 =3y| -2sin2xlog5x+ uusEIj|
dx L I
» _& .j
Jﬂ::ﬂ: il ﬁsin21'|ﬂi~f5x}
dx L X
; s 2y : 52 H |
ﬂ = {Sx}ﬁm. - \‘ = —6Hsin2x lﬂgj,"f
dx X -

sin”' (.1: \.T} O=x=1

Answer
Let y =sin™' (.r -.-"?}

Using chain rule, we obtain
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& _d sin”' (N’?)

ﬂf\’ -
| ﬂ’( w.."'_)
= A X
Sz A
1 a’[ 2
= — x?
1-x° axl )
1 3 !
= =X —- X"
V-7 2
N
2J1-x"
3 [
2¥1-x
cos' %
__2 , =2<x<2
V2x+ 7T
Answer
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X
cos
2

Lety= =

J2x4+7

By quotient rule, we obtain

d{ . x oaxyd
@_ﬁ?x+?dx[wa 2]—((.0:-, 2]ﬂ(x#2x+?)

dx (7]

-1 d(x X 1 d
2 . - 2
V2x+7 (2] [ccls 2}2 ,—2x+?.‘it[_x+?}

N
Vi—x" x(2x+7) (~.-"21+?)(2:r+}‘}

cos Y
_ 2

1
V=2 2x+7 {2x+?)§

Question 6:

| 1+sinx ++/1-sinm
cot ,{J{x{E

\I'[|+$i]'i_1£' = y"ll-sinx

Answer

Page 128 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths
/1+sin x ++/1—sin x

Lety=cot '| ¥ 20T J — (1)
»,l"l+sm.r—Jl—smx

l+siny ++I1-sinx
Then J v

I * -
1.,.']+S1n1'—\.l'[l—:§|nx

~ {q’l+sinx +Jl—sjnx]2
- (V1 sinx —Vi=sinx )(VI+sinx + 1= sinx )

_ (14 sinx) + (1-sinx) +2,/(1-sin x)(1+sin x)
(14 sinx)—(1-sinx)

. I
~2+24l-sin"x
2sinx
_I+msx

sinx

2cos’

d |

. X X
2sin " cos
2 2

X
=00l —

Therefore, equation (1) becomes

¥ =cot '[coti]
2

d
E[ﬂ
Question 7:
(log x}'“g x>l
Answer

L.'l:l y= {]_l'_'lg x}lclgk
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Taking logarithm on both the sides, we obtain
log y = log x-log(log x)
Differentiating both sides with respect to x, we obtain

dy_d
P .:ﬁ-[mg'r log(logx]]

=19~ oglog ) (lopx) og.x g g )

= d} :_v[lug[lug_r).l Flog x - |D;J: : ;il:lugx}}
dy | |
= —=y|—log(logx)+—
dx '{x g[ . r) x}
dy wee| 1 log(logx)
o= =log: —_——
alx [ o8 'r) {r X

Question 8:

cos|acosx+hsinx
l: ], for some constant a and b.

Answer
Let y = cos(acos x+bsinx)

By using chain rule, we obtain

@ _ —cos(acosx+bsin x)
dv dx

:;ﬁ = —sin (acr:rsx+bsinx}-i[umsx+bsin x)
v dx

=—sgin [acﬂsx+hsinx}-[u(—sin x}+bcosx]

=(asin x —bcosx)-sin(acosx +bsinx)

Question 9:

}[tin e | o 3][

(sinx—cosx R En:x-c:—

Answer
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. [=inx—oosy)
Let y =(sinx—cosx)

Taking logarithm on both the sides, we obtain
logy= Iﬁg[{Sin X—CO5X foin- WMJ:|
= log y =(sinx—cosx)-log(sin x —cos x)

Differentiating both sides with respect to x, we obtain

Ldy _ di[{siux— cos x ) log (sin x — cos t}]
X

v dx
= i % = lcg{sin X —C0s x]l -%(sinx —-:;05.1'} +(5i11 X—C0os x] -%lcgfsinx - C05 1‘}
L. log (sin x —cos x)-(cos.x +sin x)+(sin x —cos r};

v odx ' {sin X —Cos .r]

= Y _ (sinx—cos ,r]lm_m” [(cos x +sin x)-log(sin x —cos x) +(cos x +sin "H

alx

P (sinx—cos.x)™ ™ (cos x +sin x)[ 1+log(sinx—cos x) |
X

Question 10:

X

X' +x"+a+a’ for some fixed 4> 0and x>0

Answer

Lety=x"+x"+a +a"

Also.letx" =w. x" =v. @’ =w, anda” =5

SLyV=utv+wts

_ dy _ du . dv N dw N s {]}
de  dy dv ode dx

H=x

= logu =log x*

= logu =xlogx

Differentiating both sides with respect to x, we obtain

-%{sinx— cos x)
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| e d d
=lpax- x)+x- log x
e cx g dx{ ] dx{‘ ex)
i 1
= —=u|logx-1+x-—
el x
i . ¥
==X [log x+1]=x*(1+logx) -(2)
e
V= ,r':'l
v d o,
n—=—f|x )
dv oy
dv i
= =ax"” 3
dx [ ]
w=ua

= logw=loga’
= logw=xloga

Differentiating both sides with respect to x, we obtain

1 dw o
——=loga-—(x
Wy & dx( }
dw
= —=wloga
dx
dw .
= — =g loe g
. —a'loga (4)
s=a°

Since a is constant, a° is also a constant.

s
— =1 5
- dx (5)

From (1), (2), (3), (4), and (5), we obtain
dy _

- x"(1+logx)+ax™" +a" loga+0
de

=x"(1+logx)+ax"" +a" loga
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x' ;+[.T—3JI . for r=3

Answer
Lety= x4 (x-3 }T:

Also, letu = v andv :{x—?r}'l-
L V=HEY

Differentiating both sides with respect to x, we obtain
v du  dv
dy_du dv (1)

de  dv oy

u=x""

s logu = Iﬂg(x‘: ")
logu = {:cz - 3} log x

Differentiating with respect to x, we obtain

1 du d o 3 d
;-E:Ingx-a{x'—3]+(r‘—3}-a(]ugx}

1 du .
ﬁﬁﬁzlﬂgx-ix+{x‘ —..‘.r}'

du oa Xt =3
=—=X { +2xlngx}

M | =

dx X
Also,
p=(x-3)"
~logv=log(x —3]”:
= logv = x" log(x-3)

Differentiating both sides with respect to x, we obtain
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I_.ﬂz Ing[x—_?}-%(x:}-*-x: -%[Ing(x—ﬂ]

v iy

1 dv 5 o

Lav _1). [P PP
:;’vdx log(x—3)-2x+x 3 dx[x )

dv x
= =v|2xlog(x-3)+ -1
dx [ g( } x=3 }

=P (x3) l%+3xlog[x—3}J

-
bey dv
—Mand—]I

Substituting the expressions of i dx jn equation (1), we obtain

2

Y_ }{x-_3+2x10gx]+[x—3}x:[ * 3+2x10g(x—3}}
x X =

dx
Question 12:

Q }leg(]—CﬂSf}*.T:|U{I—Si]‘1!}*—£iI{E
Find d¥ , if 2 2
Answer

It is given that, y=12(1-cost),x=10(7 —sin¢)

% = %[H}(r—sinf}]=I{]-%{r—sinr] =10(1-cost)

%:%[Iz{l—cusr]]: 12-%{1 ~cost)=12:-[0—(=sinr)|=12sint

[@] 12-2sin - cos -
cdv L 12sin¢ eSS EOSS g
— = = = = = =—cof—

Vv (dx) 10(1-cost) g2t 5 2
dt 2

Question 13:

aﬁ.‘

FindE, if y=sin"'x+sinyl1-x", -1=2x<1

Answer
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It is given that, y =sin ' x+sin ' 1-x*

d—“" = i[sin "x+sin 'yl —x?}

dv  dx
dy_d gy d( o T
o (s.m 'c) - e (sm l—x )

y__1 1] i(] ‘f')
de 1y x 2f1-x dx
dy 1 1
Dol L (ay
dx ».n'[]—x‘ 2.1‘."{]—1"
1]
de  J1-x* J1-¥
22 g
dx
Question 14:
Iy + vl x :U, for, =1 < x <1, prove that
dy !
de (1+x)
Answer

It is given that,

I+ y+3Jl+x =0
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= x4+ y= —yvfm
Squaring both sides, we obtain
¥ (1+4y) =y (1+x)

= +xy=y +x’

=x -y =x’ -2y

= x? —_]f'z = xy(_v—x:}

= (x+y)(x—y)=xv(y—x)
SX+ Y =Xy

:>{l+ x] y=—x

:';:J.r:

(I+x}

Differentiating both sides with respect to x, we obtain

Y1)
ary__(]+x}%[""}_x%{l+x)__(l+x]—.‘~: 1

dx (1+x) T () (1)

Hence, proved.

Question 15:
If{r_a} Hy=b) = , for some ¢~ 0, prove that
dv 32 3
I+( -
\ dx
ﬂ'J_].J
dx’ is a constant independent of @ and b.
Answer
It is given thatl{"'_a:i "‘{J-‘—e‘)} =

Differentiating both sides with respect to x, we obtain
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i[[x—ﬂ}j+;|:(}’—h}:}::;{:c:}
:E(I_fj}rc ‘(x—u]+2(v—h} d (v—h]zﬂ

=2(x-a)-1+2(y-5)-% =0
k9

faj:_—(:c—a]
N -0
&y _d[--a)
U’ de| y-b
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(3-0) 4 (x-a)~(x-a) L (v-1)
(v-b)

(r-6)-(-a)-2
(v-b)

_{T_b}—fx—g}{_[x_a}}

y=b

- . [Llsing (l}]

Y +{.r—a]: (y=b) +(x—a)
]+[4];J [] {}’—f’]:] =[ (v=b) }
o ‘[[}'_b]l+[x‘”f} {{}J_b)ﬁ{x-af]

- (v-b) (v-b)
:Lf-h}:] __ -0y
C(v-b) (b)Y

= —¢, which is constant and is independent of o and b

Hence, proved.

Question 16:

dv cos’(a+y)
f CO8y T cos(a Jr-""}’with cosa # tl, prove thata ~ sina
Answer
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It is given that, cos vy = xms(cH y]

o 1. d
. E[msy]—a[xms(a+y}]

- dy d d |
==siny—- =ms{a+y)-E{x]+x-;[ms(a+”]

}

= —sin J‘Ej = C'JS{H+_V1|+I-[—Sin[u+ }}]%
iy

= [xsin[a+ y]—sin_v]% =cos{a+y) (1)
) cos

Since cos y=xcos(a+ v), x=
ince cos y =xcos(a+y), x cos(a+y)

Then, equation (1) reduces to

COos y

-sin{a+ y)-siny b _ cos(a+y)
cos(a+y) dx

= [cos y-sin(a+y)—siny-cos(a +_v}:|~ j—‘]’ =cos” (a+y)
e

= 5in[a+_];—y)% :C{)s:{a+h]

dy cos’ {a + h}
dx  sina

Hence, proved.

Question 17:
d’y

x=al(cost+1sint) find dv
) \

v=al(sint—rtcost)

If and

Answer
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It is given that, x = a(cos s +tsint) and y = a(sins —f cost)

cx d (cost +1sinr)

So—=d—
et dt
) ) d d ..
=al| —sinr+sint-—(1)+1-—(sint)
dx df
=a[—sim+sinr+:cos:]=af cos !
E

d, .
=a-—(sinf —rcost
v )

= alms:—{cosr-%{r}ﬂ*%{msuﬂ

=a[ms:—{ccsr—rsinr}] = aisint

)
) di dt _ at sint _

dt

s = tan s
dx (d_TJ al cost
dt
Then, & Y = i[ﬁj = i{tam)= sect -4
dx” dxl dx o dx
2 |:d.x clt 1 :|
=sec — =galcosf = —=
ar cost et dx  arcost
_sec IJJq:f-:E
ar 2
Question 18:

. I -
If"'r {t] —|.r| , show that J {x}exists for all real x, and find it.

Answer
x, ifx=0
M=1_% ifx<0
It is known that, o
£ |
=l =

Therefore, when x = 0, f {x}

In this case, J I[x}zj":_and hence, f"(x)=6x

3

When x < 0, _f'{x}:|x|] =[—x}] ——x
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In this case, /'(x)= _j‘t_and hence, I"(x)

Thus, for"Ilr {t} =|.r| , J {I}exists for all real x and is given by,

f'"{} bx, ifx=0
PAIEY 6 ifx <0

d {x"} =nx""

Using mathematical induction prove that dlx for all positive integers n.

Answer

To prove: P(n): %{x” ) =nx"" for all positive integers n
dx

~P(n) is trueforn =1

Let P(k) is true for some positive integer k.

I’|'[:Fc}:i
That is, dx

It has to be proved that P(k + 1) is also true.

{_r* } = k"

: d k+l d k
Consider dx(x )_ = (x-x ]
.
dx dx
=x* 1+x-k-x*
=x" + kot
=(k+1)-x"

= (k+1)-a

=x". d (x)+x- d {x"] [By applying product rule]
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Thus, P(k + 1) is true whenever P (k) is true.
Therefore, by the principle of mathematical induction, the statement P(n) is true for
every positive integer n.

Hence, proved.

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain
the sum formula for cosines.

Answer
sin( A+ B)=sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain

d [sin(A+B)]= d (sinAcos B)+ d (cos Asin B)

ax cdx cfx

= cos(A+ B)- d (A+B)=cosB- fi{sin A)+sin A-i(cnﬁﬂ}

'

+sin B- :; (cos A)+cos ‘fi--i(sin B)

v f
= uos{.-1+b’}-i{;1+ B)=cos B-cos A4 sin A(—sin !3)ﬁ
dx dx dx
+sin B(—sin A)- A +cos Acos B di
dx dx
=5 cos( A H}-|:fm I dﬁ}:{ccm:fmmﬁ sin Asin H]-|:£M | db
dy de x|
s.cos( A+ B) = cos Acos B —sin Asin B
£(x) g(x) h(x) (5 () W)
dv
v=| I i " T: [ (] ]
dx
a b c a b ¢
If , prove that
Answer
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y=| | i H
& b fa
= y=(mc—nb) f(x)-(lc-na)g(x)+(lb—ma)h(x)

Then, r.ir = i_[[:nc—nb}f{x]]— [(lc-na)g( ]+ [ (16— ma)h(x)]
=(mc—nb) f'(x)~(lc—na)g'(x)+(Ib—ma)h’ {x
f'(x) g'(x) #(x)

= | I} 7
a h c
£(x) e'(x) w()
dy
—=| | m "
dx
Thus a b ¢
Question 23:

dy _dv
aeos” x I - X" ] '} —_———— a"_}l = {}
If¥=° ’_lixil,show that dlx’ dx

Answer

(FREEL

It is given that,” = ¢
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Taking logarithm on both the sides, we obtain

log y=acos 'xloge
log y=acos ™' x

Differentiating both sides with respect to x, we obtain

L
v dx 1-x*
__—
de -y
By squaring both the sides, we obtain
42
dx - x*

(I—xz][%]_ - oy

Again differentiating both sides with respect to x. we obtain

(&) -1t (2) |- 2
(2] (=) L3 o

dx dy? dx
[ ] 2x}+1— ) %

PPN
b (1-0)L dy
2 (1- . D so
+H(1-x) z =y b

{l— ]i‘y x?—a}r 0

Hence, proved.
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