Class XII Chapter 4 - Determinants

Maths

Miscellaneous Solutions

Question 1:
x sinf?  cosd
—sind -x 1

Prove that the determinant cosé 1 o is independent of 6.

Answer
x sin# cos#
A=|-sind -—x I
cos I x
= x(x: — I)— sin@(—xsin@ —cos &)+ cos & (—sin & + x cos F)
=x' —x+xsin’ @ +sin@cos@ —sinfcos 6 +xcos”
=x —x +x(sin3 8 4 cos’ B]
=x'—x+x
= x" (Independent of &)

Hence, A is independent of 6.

Question 2:

Without expanding the determinant, prove that

a’ bel |1 a’ a’
b b cal=|1 b’ b’
I ¢’ abl |l ¢’ ¢
Answer
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a a be
LHS.=b b ca
¢ ¢’ ab
a’ : abe
= i b b abe [R —aR.R, - bR,.and R, — cR, |
¢’ ¢ abc
: a |
- -abc bj E:': 1 [Taking out factor abe from C, |
e c 1
a a |
=|b* b’ 1
e’ e’ 1
1 a3 3
=] b : [Applying C, > C; and C, <> C,]
1 e’ ¢
=R.HS.

Hence, the given result is proved.

Question 3:

cosasinfi  —sinea
cos i 0
sin e sin /7 COS &

cos & cos 7
—sin f#

Sin @ Ccos
Evaluate ’3

Answer

cosasin i —sina |
cos fi 0

COS o

cos o cos i
A=| —sinf

sinacos /i sinasin

Expanding along Cs;, we have:
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A= —sina(—sinasin? B —cos’ ﬁsina]+coscx(cosaco&3 B +cosasin® ,{;’]

=sin’ -::x[.‘s-in2 ﬁ+c052ﬁ)+cus: c:r(r.:uslﬁ+sin2 ,8)
=sin® a (1) +cos” a(1)
=]

Question 4:

h+ec co+a
A=|lc+a a+b
a+bh h+e

If a, b and c are real numbers, and

Show that eithera+ b+ c=0o0ra=>b=c.

Answer
h+c c+a a+h
A=le+a a+h b+e
a+h h+c c+a

Applying R, = R, +R, +R,. we have:

2{{:+h+c} 2[a+h+u} 2[a+h+c']
A=lc+a a+h h+c
a+h h+c c+d
I | 1
=2(a+b+c)lc+a a+b b+e
a+h b+c¢ c+a

Applying C, - C, =C, and C, — C, - C,, we have:

1 0 0
A=2(a+b+c)c+a b-c b-a
a+h c—a c-b

Expanding along R;, we have:

a+h
h+el=0

e o ¥
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A=2(a+b ic}{l]“h ¢)(c h) {f} a)(e a”

2(a+b +L’}|:—£J': —c* +2be—be+ba+ac —5;3]
:2{.51'-I—J'J+c:l[m'1+4’J'u:'+ca—n'E —b:—c::l

It is given that A = 0.

{a+h+c}[m’a+hc+m—a:—h:—c:]=ﬂ

= Eithera+b+c=0, orab+bc+ca—-a —b" -c* =0,

Now,

ab+bc+ca-a’ =b* —c* =0

= —2ab—2bc—2ca+2a’ +2b +2c7 =0

= (a=b)' +(b—c) +(c—a)’ =0

=(a-b) =(h=c) =(c—a)’ =0 [[a—h}z Ab=c)" (c—a) are nan-ncgmivc}
= (H—f?} :(h—x_‘} :I:::—ﬂ} =)
=a=h=c

Hence, if A = 0, then eithera+ b+ c=0o0ra=>b =c.

Question 5:
x+a x x
X X+a x |=0,a=0

. X x+a
Solve the equations

Answer
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X+ X X

X x+a x [=0

X X X+

Applying R, =R, +R, + R, we get:

Jx+a  3x+a 3x+a

X x+a x |=0
X X X+a
1 1 1
:}{?rx-lru]x X+ x =0
X X X+
Applying C, - C, -C, and C, —» C, -C,. we have:
1 0 0
(3x+a)x a 0[=0
X 0 a

Expanding along R, we have:
{33:+H}[] x al] =1

=a (3.‘c+ a)=0

Buta =0,

Therefore, we have:

3x+a=10

o
= x=-—
3

Question 6:

a’ be ac+c’
a’ +ab b’ ac |=4a’h’c’
Prove that ab bitbe o
Answer
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a be  ac+c’
A=l|a’ +ab b ac
ab b +bc ¢

Taking out common factors a, b, and ¢ from C,,C,, and C,, we have:

] C
A=abcla+hb b

b h+e
Applying R, =R, —R, and

a+c
a
c
R, = R,-R,, wehave:

a 8 a+c
A=abe| b bh-c -¢
b—a h —a
Applying R, =R, + R, we have:

bl c a+c
A=abcla+bh b cr
b—a b o)

Applying R, - R, + R, we have:

e c a+c
A=abcla+b b ]
2h 2h 0
a c a+c
=Z2ab'cla+b b a
1 1 (

Applying C, - C, - C,, we have:
a c—a a+tc
A=2abcla+b -a a
1 0 0
Expanding along R;, we have:
A= Emb"c'[a(c' —a)+ala +c]]
= Zaf?:{?[m? —a’+a + ac]
= Eah:c{Zaf]
=da’b’c’
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Hence, the given result is proved.

Question 8:

5
Let verify that

1 =2 1
3001
15
A =1(15-1)+2(-10-1) +1(-2-3) =14-22-
Now, 4, =144, =114, =-5

Ay =1L A, =4, 4,,=-3

A, =-54,=-3,4,=-1

=-13

n

14 11 -5
sadid=| 11 4 -3
-5 -3 =1
i
A =—(adid
4 (adjd)

14 11 =3 -14 11

(1)
adjA|=14(-4—-9)-11(-11-15)—5(-33+20)
= 14(-13)-11(-26) - 5(-13)
= 182+ 286 +65 =169

We have,
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13 26 13
adj(adjd)=| 26
13 -13 65

.'.[fr{f;ﬂ] = |-£ifa_r.f:4 {cs.:ﬁ{mffA]}
: —13 26 -13
=—| 26 -39 13
169
—13 -13 65
| -1 2 -1
2 -3 -1
13
-1 -1 -5
[ 14 11 5
14 15 13 13 13
Now. 4" = 11 4 3= -U 4 3
1 ; . | 3 13 13
. 5 3 1
13 13 13
49 _|“_11_15“*
169 169 . 169 169J
cadi(a)=|[AL_18) 14 25
BRAY L 169 169 ) 169 169
3320 (42 55
_— _ ———
169 169 L 169 169
13 26 13 [-1 2
=L_ 26 39 13 _ 1 2 -3
169 13
-13  —13 -65 —1 -1

Hence, [adjA] ' —r;?.r.@’j{zi '}.

(ii)

3320

169 169

[ 42 55)
169 169

56 121

169 169
1

-1

=3
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We have shown that:

Al=—|-11 -4

And. adid™ = | 2

Mow,

.
[|1;J ~14x(=13)+ 11x(~26)+5x(~13)

.-'_“w

-1
1

()=

.-_(,4"]'] = A

Question 9:

X ¥
v xX+y
X+ y
Evaluate Y o

Answer

AT i

I—l"'"

X+
x

-169)=
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x v X+ v
A=| y X+y X
X+ ¥ X ¥

Applying R, =+ R, +R, + R, we have:

2(x+y) 2(x+y) 2(x+y)
A= ¥ .¥+_1-' X
X+ ¥ x ¥
1 1 |

=2(x+y) ¥ x+y x
Xty x y

Applying C, - C, —C, and C, = C, —C,, we have:

I 0 0
A=2(x+y)| ¥ S |
X+y -y  —x

Expanding along R;, we have:
A= 2[1’-}- J,’}I:—_!C: + }'{I_J’}]

==2(x+y)(x" + 5" - x)

= —2(1"‘ + )Jj)
Question 10:
] X ¥
1 X+ ¥
Evaluate ] ooy
Answer
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| X ¥
A=|l X+v ¥
| X x+y

Applying R, - R, -R, and R; = R, —R,, we have:

1 X ¥
A=|0 ¥ 0
0 0 X

Expanding along C;, we have:

A=1{xy—0)=xy

Question 11:

Using properties of determinants, prove that:

[rd & B+y
g B yral=(f-y)y-a)la-p)a+p+y)
¥ roa+p

loi a Pty
A= Jik ¥+
y v a+p
Applying R, - R, -R, and R; = R, —R,. we have:

a a’ By

A=|f-a -’ a— 3

y-a Y -a a-y

s a’  PB+y
=(f-a)(y-a)| B+a -1
I r+o -~

Applying R, = R, —R,, we have:
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a at By
A=(f-a)(y-a)l f+a -1

0 y=4F 0
Expanding along R;, we have:
ﬂ:[ﬁ—cr}(;r—rx}[—[}'—ﬁ}(—fz—ﬁ—}r}]
=(p-a)(y-a)(y-B)a+p+7)
=(a-p)(f-y)Ny-a)la+f+y)

Hence, the given result is proved.

Question 12:
Using properties of determinants, prove that:

X X’ 1+ px’
v v 1+ py =1+ pxyz) (x =y ) (v -2)(z - x)
z z" 1+ pz*
Answer
x x° 1+ px'ﬁ
A=y v e
z z 1+ pz°

Applying R, - R, =R, and R, - R, - R . we have:

X X’ I+ px’
A=ly—x y—-x P(Jr':\—l';)
zZ—x z?-x p(zg—x'-‘)
x x’ I+ px’
={J’—-‘f][2—l‘]| y+x p(y2+x3+1y]

| z+x Ju(zz+.1r'?+:rz)

Applyving R, = R, =R, we have:
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x x° 1+ px’
A=(y—x)(z-x)|l Y+ p[yl+x3+xy]
0 z-y  plz-y)(x+y+z)
X x° 1+ px’
=(y=x)(z=x)(z= )] yix o p(y+xt+xy)
0 1 plx+y+z)

Expanding along Rs, we have:
A=(x=y)y-=2)z- x)[(—l}{p}(xy: +x' + x:y] +1+px’ +p(x+y +z]l::.}-‘}}
=(x—y)(y-2)(z —x)[—p:cf —px’ = px y+14 px’ + px’ v+ pxy’ + px :]

=(x=2)(y=2)(z=x)(1+ poz)

Hence, the given result is proved.

Question 13:

Using properties of determinants, prove that:
3a —a+h —a+e

~b+a  3b -b+c|=3(a+b+c)(ab+be+cea)
-c+a —c+b 3¢

Answer

-

3a —a+h —a+e
A=-b+a 3 b+
—c+a —c+b 3e

Applying C, = C, +C, + C,, we have:

a+b+e —-a+h —a+c
A=la+bh+c 3h b+
a+hb+c —c+ b 3c
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1 —a+h —a+c
:l:a+b+c)| 3b -b+e¢
1 —c+b e
Applying R, - R, R, and R, = R, —R,. we have:
I —a+h —a+c
A=(a+b+c)|0 2b+a a—b
] a-c 2e+a

Expanding along C;, we have:
A=(a+b+c)[(2b+a)(2c+a)-(a-b)(a-c)]
=(a+h+ .:']|:4hc+ 2ab +2ac+a’ —a’ +ac+ba —ht‘]
(a+b+c)(3ab+3bc+3ac)
=3(a+b+c)(ab+be+ca)

Hence, the given result is proved.

Using properties of determinants, prove that:

] 1+ p 1+ p+yg
2 3+2p 4+3p+2q =1
3 6+3p 10+6p+3g

Answer
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] 1+ p I+ p+g

A=|2 3+2p 4+3p+2q
3 b+3p 10+ 6p+3g

Applving R, = R, 2R, and R, — R, -3R. we have:
| 1+ p 1+ p+g

A=|0 1 2+ p
0 3 T+3p

Applying R, = R, -3R,. we have:

| I+p I+p+g
A=|0 | 2+ p

0 0 |

Expanding along C;, we have:
I 24 p
0 1

A=1 ~1(1-0)=1

Hence, the given result is proved.

Using properties of determinants, prove that:

SINCY  COS X cnx{fz--f}'}
sinff cos i cos(f+0) =0

siny  cosy  cos(y+d)

Answer
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singg cosar cos(a+6)
A=jsinfi cosfi cos(fi+6)
siny  cosy  cos(y+d)

sin e sind COSCOsd  CcOSarCoso —sina sind

1 : . . -

= Sind cosd sin fsind cos ffeosd cos ffeosd —sin fFsino
SINOCosa | | - . — . e
sin p sind COS ¥ Cosd COS ¥ COS ¢ — sin psind

Applving C, —» C, +C,. we have:
| COS@COSd  COSGCOSd  COSarCoso —sinasind
A=————cosflecosd  cosfcosd  cosfloosd —sin fsing
SIN ¢ COS O . . L. .
COS J COs & COS ¥ Cos O COS ¥ Cosd —sin ysind
Here, two columns C, and C, are identical.
A=,

Hence, the given result is proved.

Question 16:

Solve the system of the following equations

x y =
4 6 35
———+—=1
X y =z
6.9 20 ,
X v =
Answer
1 1 1
_=1;_}‘_:q,—=;'_
Let ¥ ¥ z

Then the given system of equations is as follows:
2p+3g+10r=4

dp—bg+3ir=1

6p+9g-20r=2

This system can be written in the form of AX = B, where
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2 3 10 2 4
A=4 —6 5 [ A=|g|landB=|]
6 9 =20 r 2
Now,
A =2(120-45)-3(-80-30)+10(36+36)
=150+330+720
=1200 A

Thus, A is non-singular. Therefore, its inverse exists.
Now,

A1 =75, A =110, A3 =72

A1 = 150, Ay, = =100, A3 =0

As; =75, As; = 30, A3 = — 24

oA =%adj.ri
75 150 75
- 110 =100 30
1200
0 24
Now,
X=A"8
r 75 150 75 [4
=g S 110 =100 30 ||1
1200
r 72 0 24 (|2
[300+150+150
=12Irm 440 -100 + 60
| 288+0-48
-
6007 |2
u'm 400 |- 2
240 |
L 1
L5

1
5
Hence,x=2,y=3,andz=5.

I I
Lp=—.g=—,andr=
P=317 5
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Choose the correct answer.

If a, b, ¢, are in A.P., then the determinant
x+2 x+3 x+4+2a
x+3 x+4 x+2b
x+4  x+5 x+2c¢

A.0B.1C. xD. 2x

Answer
Answer: A
x+2 x+3 x+2a
A=x+3 x+4 x+2b
x+4 x4+5 x+2¢

¥+2 x+3 x+2a

=|lx+3 x+4 1+(r:+r:'} [2b=a+ca5f:_b.,andcarcinA.P.}

a+4 x+5 x+2c
Applying R, =R, —R, and R, = R, - R, we have:
-1 -1 a—c
A=|x+3 x+4 x+(a+c)
1 I c—a
Applying R, = R, +R,. we have:
0 0 0
A=x+3 x+4 x+a+c

| | c—da

Here, all the elements of the first row (R;) are zero.
Hence, we have A = 0.

The correct answer is A.
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Choose the correct answer.

X 0 0
A=|0 ¥ 0
If x, y, z are nonzero real numbers, then the inverse of matrix 0 0 “ is
a0 0 00
0 v xyz| 0 v
AL _U' 0 z™ 0 0 z”
X 0 0 1 ( 0
1 0 v { L 0 1 0
xz Xz
C 0 0 Zlp. 0 0 1
Answer
Answer: A
x 0 0
A=0 ¥ 0
0 0 z

SAl=x(pz=0)=xyz %0

Now, 4, = yz,4,=0,4,=0
A, =04, =xz,4,, =0
Ay =04, =0,4,, = xy

vz 0
sadid=|0 Xz 0

0 0 xy
LA = Luqzm

Al
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¥z 0 0
= | 0 xz )]
o 0 Yy
= 0 0
xVz
-0 Yo
xyz
0 Xy
L Xz |
l 0 0
x
1
—lo S 0=
¥
] 0 ]—

The correct answer is A.

Choose the correct answer.
] sinfd 1
A=|—sing 1 sin#

Let -1 —sind |

A. Det (A) =0

B. Det (A) € (2, )

C. Det (A) € (2, 4)

X! () ]
0 v
0 0 z!

, where 0 < 6< 2n, then
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D. Det (A)e [2, 4]

Answer

sAnswer: D

1 siné 1
A=|—-sind 1 sin
-1 —sinf 1

~.| 4| =1(1+sin® @) =sin &(—sin & +sin @) +1(sin* 6 +1)
=1+sin” @+sin @ +1
=2+2sin" @
=1(1+5in:{’i’]

Now, 0=@<2xn

=0<sind <1

=0<sin" @<

=1=]+sin°@<2

=2<2(1+sin" ) <4

~Det(A4)=[2,4]

The correct answer is D.
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