Class XII Chapter 1 - Relations and Functions Maths

Show that the function f: R« — R« defined by X is one-one and onto, where R« is
the set of all non-zero real numbers. Is the result true, if the domain R+« is replaced by N
with co-domain being same as R«?
Answer
flx)=—.

It is given that f: R« — R« is defined by X
One-one:
f(x)=1(»)
_ 1.1

x oy
= x=y
~fis one-one.
Onto:

1 .
x=—eR, (Exists as y = 0)
It is clear that for ye R«, there exists Y such that

~fis onto.
Thus, the given function (f) is one-one and onto.

Now, consider function g: N — Rx«defined by

g(x)=—.
X
We have,
|
glx)=g(x)=>—=—=x=x

~.g is one-one.
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Further, it is clear that g is not onto as for 1.2 eR« there does not exit any x in N such
1
that g(x) = 1.2

Hence, function g is one-one but not onto.

Check the injectivity and surjectivity of the following functions:
(i) f: N > N given by f(x) = x*

(ii) f: Z > Z given by f(x) = x°

(iii) f R > R given by f(x) = x°

(iv) f: N > N given by f(x) = x°

(v) f: Z > Z given by f(x) = x*

Answer

(i) f: N —> N is given by,

f(x) = x?

It is seen that for x, y €N, f(x) = f(y) 2 x> = y* = x = y.

~fis injective.

Now, 2 € N. But, there does not exist any x in N such that f(x) = x> = 2.
~ fis not surjective.

Hence, function fis injective but not surjective.

(ii) f: Z — Z is given by,

f(x) = x?

Itisseen that f(—1) = f(1) = 1, but =1 # 1.

~ fis not injective.

Now,—2 € Z. But, there does not exist any element x €Z such that f(x) = x* = —2.
~ fis not surjective.

Hence, function fis neither injective nor surjective.

(iii) f: R — R is given by,

f(x) = x*

It is seen that f(—1) = f(1) = 1, but -1 # 1.

~ fis not injective.

Now,—2 € R. But, there does not exist any element x € R such that f(x) = x* = =2.
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~ fis not surjective.

Hence, function fis neither injective nor surjective.

(iv) f: N — N given by,

fix) = x°

It is seen that for x, y eN, f(x) = f(y) 2 x> =y’ = x = y.

~fis injective.

Now, 2 € N. But, there does not exist any element x in domain N such that f(x) = x° =
2.

~ fis not surjective

Hence, function fis injective but not surjective.

(v) f: Z — Z is given by,

fix) = x3

Itisseenthatforx, y ez, fix) =fly) = x =y’ =>x=y.

~ fis injective.

Now, 2 € Z. But, there does not exist any element x in domain Z such that f(x) = x> = 2.
~ fis not surjective.

Hence, function fis injective but not surjective.

Prove that the Greatest Integer Function f: R — R given by f(x) = [x], is neither one-
once nor onto, where [x] denotes the greatest integer less than or equal to x.
Answer

f: R — R is given by,

f(x) = [x]

It is seen that f(1.2) = [1.2] =1, f(1.9) = [1.9] = 1.

~ f(1.2) = f(1.9), but 1.2 # 1.9.

~ fis not one-one.

Now, consider 0.7 € R.

It is known that f(x) = [x] is always an integer. Thus, there does not exist any element x
€ R such that f(x) = 0.7.

=~ fis not onto.

Hence, the greatest integer function is neither one-one nor onto.
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Show that the Modulus Function f: R — R given by / {T] |'T|, is neither one-one nor

onto, where | | is x, if x is positive or 0 and | | is — x, if x is negative.
Answer

f: R — R is given by,

(x, ifx=0
”l]:hl:i—x, ifx=<0
It is seen that j'{—1}= —I|=],f{1]=|]|=|_

~f(—1) = f(1), but -1 # 1.
~ fis not one-one.

Now, consider —1 € R.
It is known that f(x) = |1| is always non-negative. Thus, there does not exist any

element x in domain R such that f(x) = |1| = -1.
~ fis not onto.

Hence, the modulus function is neither one-one nor onto.

Show that the Signum Function f: R — R, given by
Jl, if x =0
flx)=40,ifx=0
l—l, ifx<0
is neither one-one nor onto.
Answer
f: R — R is given by,
Jl, ifx =0
f(x)=40, ifx=0
l—l, ifx<0
Itisseen that (1) = f(2) =1, but 1 * 2.

~fis not one-one.
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Now, as f(x) takes only 3 values (1, 0, or —1) for the element —2 in co-domain R, there
does not exist any x in domain R such that f(x) = -2.
~ fis not onto.

Hence, the signum function is neither one-one nor onto.

LetA=14{1,2,3},B={4,5,6,7yandletf= {(1, 4), (2, 5), (3, 6)} be a function from
A to B. Show that fis one-one.

Answer

Itis given that A = {1, 2,3}, B={4,5,6, 7}.

f: A — B is defined as f = {(1, 4), (2, 5), (3, 6)}.

~f(1)=4,f2)=5,f(3)=6

It is seen that the images of distinct elements of A under f are distinct.

Hence, function fis one-one.

In each of the following cases, state whether the function is one-one, onto or bijective.
Justify your answer.

(i) f: R —> R defined by f(x) = 3 — 4x

(ii) f: R —> R defined by f(x) = 1 + x?

Answer

(i) f: R—> Ris defined as f(x) = 3 — 4x.
Let x,, x, € Rsuch that / (x,) = f(x,)

~ fis one-one.

For any real number (y) in R, there exists 4 in R such that

C3— ) i RV
=L 3-4[—’ y.

i, 4 J \ 4 d )
~fis onto.
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Hence, fis bijective.
(ii) f: R —» R is defined as

flx)=1+x" .

Let x,, x, € Rsuch that / (x,) = f(x,)

) .
= 1+x =1+x
= x =x;

= x, = tx,

fn)=71(x) does not imply that ™t = *2*
For instance,

f()=r(-1)=2

~ fis not one-one.

Consider an element —2 in co-domain R.

It is seen that J {T] =l is positive for all x € R.

Thus, there does not exist any x in domain R such that f(x) = -2.

~ fis not onto.
Hence, fis neither one-one nor onto.

Let A and B be sets. Show that f: A x B — B x A such that (a, b) = (b, a) is bijective

function.
Answer
fi Ax B— B x Ais defined as f(a, b) = (b, a).

Let (a,. b ). (a,, b,)e AxBsuchthatf(a, b)=f(a,. b.)

= (b, “I} =(b_‘~ “:}
= b =b, and g, = q,
=(a, !:r,'}=|[|f.=3~ h:}
« fis one-one.

Now, let (b, a) € B x A be any element.
Then, there exists (a, b) €A x B such that f(a, b) = (b, a). [By definition of f]
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~ fis onto.

Hence, fis bijective.

1 .. .
i. it is odd
fn)= 2 for all ne N.
if 1 is even

Let : N — N be defined by
State whether the function f is bijective. Justify your answer.

Answer

1 .. .
i. it wis odd
fln)= 2 for all ne N.
if 1 is even

f: N — N is defined as
It can be observed that:
()= % =landf(2)===1 [ By definition of /]
= f(1)=£(2), where 1#2.

]

Fa |

« fis not one-one.
Consider a natural number (n) in co-domain N.
Case I: nis odd

~n = 2r + 1 for some r € N. Then, there exists 4r + 1eN such that

Flaren) =2

Case II: n is even

. 4
flar)=—=2r
~n = 2r for some r € N. Then,there exists 4r eN such that 2 .
~ fis onto.

Hence, fis not a bijective function.

LetA=R - {3} and B = R — {1}. Consider the function f: A — B defined by
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\x—3 ] . Is f one-one and onto? Justify your answer.

Answer
A=R-{3},B=R-{1}

0-(553)

f: A - B is defined as
Let x, y € A such that f (x) = f(y)

x—2 y-2
— =
x-3 y-3

= (x-2)(y-3)=(r-2)(x-3)
= xy=3x-2y+b6=xy-3y-2x+06

= —3x-2y=-3y-2x

=3x—-2x=3y-2y

=x=y

-~ fis one-one.

Lety eB =R — {1}. Then, y # 1.

The function fis onto if there exists x €A such that f(x) = y.

Now,

A [_V#I]

E—BIL'EA

Thus, for any y € B, there exists -y such that
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f2—3yj_j
f-'f3—3.t"”| 1=y ) 2-3y-2+2y -y ’
Tll-y ) {E—BJ-”_S 2-3y-343y -1 °
|-y |
o fis onto.

Hence, function fis one-one and onto.

Let f: R — R be defined as f(x) = x*. Choose the correct answer.
(A) fis one-one onto (B) fis many-one onto
(C) fis one-one but not onto (D) fis neither one-one nor onto

Answer

d I
f: R — R is defined as flx)=x".
Let x, y € R such that f(x) = f(y).

= x' =

= X==Iy

Y {‘T' )=/ {xf}does not imply that ™1 = *2
For instance,

f(1)=rf(-1)=1

~ fis not one-one.

Consider an element 2 in co-domain R. It is clear that there does not exist any x in
domain R such that f(x) = 2.

-~ fis not onto.

Hence, function fis neither one-one nor onto.

The correct answer is D.

Let f: R — R be defined as f(x) = 3x. Choose the correct answer.
(A) fis one-one onto (B) fis many-one onto
(C) fis one-one but not onto (D) fis neither one-one nor onto

Answer
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f: R — R is defined as f(x) = 3x.
Let x, y € R such that f(x) = f(y).
= 3x = 3y
S>SX=Yy
~fis one-one.
V

Also, for any real number (y) in co-domain R, there exists 3 in R such that
s ".I I-" I'\
) ¥

~f is onto.
Hence, function fis one-one and onto.

The correct answer is A.
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